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The problem of the motion of a heavy symmetrical rigid body on an elastic foundation
is considered. It is supposed the center of mass of the body is near its axis of symmetry.
An elastic foundation is simulated by the inertial elastic plate. Non-stationary regime of the
motion of the rigid body is studied. It is shown that the problem can be reduced to the
ordinary integro-differential equation.

Introduction.

The problem of the motion of a system, which consists of a heavy symmetrical rigid body
and a ring elastic plate, is considered. The external contour of the plate is fixed. The
internal contour of the plate is connected to the rigid body by a rotating joint so, that
the body can freely rotate around its axis of symmetry. The center of mass of the body
is near its axis of symmetry. The moment of an electro-motor of a restricted power and
a dissipative moment act on the body. The angle of nutation of the body is supposed to
be small. Therefore, the motion of the plate can be described by the linear plate theory.
It is known, that this problem can be reduced to the system of the linear differential
partial equations. If stationary regime of the motion of the system is considered, then
the problem can be easily solved by the Fourier method. If non-stationary regime of the
motion of the system is studied, then the considered problem becomes more difficult,
because coefficients of one of the boundary equations depend on time. In this case the
separation of variables is impossible. An alternative method of solution of the considered
problem is proposed below. This method allows to reduce the problem to the ordinary
integro-differential equation.

1. The motion of a rigid body on an elastic plate. Case 1: arigid body
has a fixed point.

Let us consider a symmetrical rigid body, the center of mass of which is near its axis of
symmetry, on an elastic plate (see Figure 1). The rigid body has a fixed point, which
coincides with the center of the plate. The motion of the plate is described by the
Reissner’s type plate theory which takes into account the rotation inertia and the cross
shear strain. The equations of the Reissner’s type plate theory have the form [1], [2]

VN = phii V-M-N=Lph?¥
N=Ghly, M=D[1-pz+putred (1.1)
y=Vu+¥, @ =3 (VE+ VY

Here w — the lateral deflection, ¥ — the rotation angles vector, N — the cross forces
vector, M — the moments tensor. The boundary conditions on the external contour of
the plate are

=0, | =0 (1.2)

w| r=ro

r=ro
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The boundary conditions on the internal
contour of the plate are depend on the
motion of the rigid body. The rotation of
the body is described by the turn-tensor
(31, [4]

P(t)=2L,(p)- L, (Bk) (L3
The turn-tensor P (Bk) determines the

rotation of the body around its axis of

symmetry and the turn-tensor P, (¢) W F/I
determines the nutation vibration of the

body. Since the angle of nutation is

suppose to be small, the turn-tensor

P,(p) can be represented as

Fig. 1. A rigid body on an elastic plate. The
0 body has a fixed point.

Plp)=E+exE, k-p=
(1.4)

=2

The angular velocity vector w is calculated by the formula

w=¢+L(e) Ok (1.5)

Taking into account the facts, that the rigid body has a fixed point and the internal contour
of the plate is connected to the rigid body by a rotating joint so, that the body can freely
rotate around its axis of symmetry, it is to show, that conditions of the conjunction of the
rigid body and the plate have the following form

f:]ix \lj|7':7'1 ) w| k:fxrlgr (16)
Here e, — the unit vector of polar coordinate system. Eqs. (4.1) allow to obtain the
kinematics boundary condition on the internal contour of the plate

(w + r\IIT)|7':7'1 =0 (17)

Using the first and the second laws of dynamics by Euler, we obtain equations of the
motion of the rigid body

mEcZERerg, (g(t)'@).:Mmt—i—Mfr—i—ECXmg—i—Mpl

My = Llws = B)[nk +(L=mn], My = —~[ksnn + ki2(E —nn)] -w (18)

n="P@t)k, Y=

I~y

t)-0-PT(t),  0=0skk+02(E— kk)

Here m — mass of the body, i~ — the position vector of the mass center of the body,
Fp — the force of reaction at the fixed point, # — the tensor of inertia of the body,
calculated with respect to the fixed point, n — the unit vector, directed along the axis of
symmetry of the body in the actual position, M ,,, — the moment of an electro-motor
of a restricted power (0 < n < 1,if n =0, then M, , is the following moment, if
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n=1,then M, has a constant direction), Mfr — the dissipative moment, Mpl —
the elastic moment acting on the body by the plate. Moment M ol is calculated by the
formula

M, = rl/ [(Myr — 7N )ey — Myge,] |T:h do (1.9)

where r and 6 are polar coordinates. Substituting (2.9) into (2.8) and using the
relations (3.3) — (4.1), we obtain the differential equation in terms the angle § and
variables, describing the stress strain state of a plate. Projecting this equation on the
plane, orthogonal the vector %k, and on the axis, parallel the vector %, we obtain the

boundary condition on the internal contour of the plate and the differential equation in
terms the angle /3. Solution of the equation in terms the angle [ is

. Lw, . Lw, _Ltka,
— _ 93 1.10
b L+k3+(ﬁo L—|—k3)e (1.10)
The boundary condition on the internal contour of the plate has the form
[912117><\i’+936\1’+k’12117><\I+UL(W*—B)‘£—mga@X\£] +
2 (1.11)

+mge (cos Bi+sinf3j) = rl/ [(My, — 7N, )eg — Mg e, ] |T:T1 de
0

Thus equations (3.1), (3.2), (4.2), (2.10), (2.11) give the complete formulation of the
problem of the motion of a rigid body on an elastic inertial plate. If stationary regime
of the motion (5 = const ) is considered, then the problem can be easily solved by the
Fourier method. If non-stationary regime of the motion of the system is studied, then the
problem becomes more difficult, because coefficients of eq. (2.11) depend on time. In
this case the separation of variables is impossible and the Fourier method can not be used.
Below the considered problem is solved by an alternative method, which was proposed
in [5]. This method allows to reduce the problem to the ordinary integro-differential
equation.

2. Method of the solution of the problem.

Let us look for solution of the problem in the form

w(r,0,t) = —ﬂrgr \1!(15) + w*(r,0,1)
T — T2
r—7re ~
U, (r 0,1) = () 4+ U (r, 0,1
(00 = 22" e )+ w0, (1)
To(r,0,0) = —2 ¢, (1) + T(r,0,1)
T — T2

The first terms of the functions (2.12) satisfy the kinematics boundary conditions (3.2),
(4.2) and the functions w* , WY, ¥} are the serieses of the eigenfunctions of the clamped
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plate

w*(r,0,t) = Z[C’flj (t) cos(nl) + C7,5(?) sin(n0)]wn;(r)

Ur(r,0,t) = Z[C’ﬁj () cos(nb) + C;(t) sin(n0)] W7, () (2.9)
Uy(r,0,t) = Z[—C’fm» (t) sin(nf) + C’flj(t) cos(nb’)] \I!flj(r)

The functions C7;(t), Cp;(t) and W(t) in the expressions (2.12), (2.13) are unknown
functions. Substituting the expressions (2.12), (2.13) into the dynamics boundary condition
(2.11), we obtain

15 W (1) — 03 B(1) k x W(1) + k1o (1) — nL{wn — B(1) k x T (1) + D.F(1)+
+mge (sin B(t) i — cos B(t) j) = Zj M Cy; (t)
Dy =mri(rg — )71 {—D(?’z_“) + thrﬂ — mga (2.3)

M7 = mry [M{F(r1) + M9 (r1) — r N (r1)]

Cni(t) =Crt) i+ Cpi(t)j

Substituting the expressions (2.12), (2.13) into the equation of the motion of the plate
(3.1) and using well known relations of orthogonality of eigenfunctions of a clamped plate,
we obtain the following differential equations in C,;(t), ¥(t)

nE L Coi(t)+p2Ca;(t) =0

n=1: Cy(t)+p;C5(0) = AE(0) + By(1)

A; = p— / [(D(lz_“) + thrz) \Iﬂ{j(r) + D\I!‘ij(r) — 27 GhTwq;(r)| dr

T2
T

By = Tt [ [ranste) = 45 (¥, + 94,0)] (= ra)rar

Ty —7Tg

1

(2.4)

It is easy to see, that coefficients €, ;(f) (n # 1) do not depend on the motion of
the rigid body. Coefficients C'; j (t) essentially depend on the motion of the rigid body.
These coefficients can be found as a result of solution of the system of the differential

equations (2.14), (2.15) in C;(¢), ¥(t). Let us note, that solution of (2.15) has the
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form

Cy5(0) = €Y cosn ) + € sin(pt)+

L[ c o (2.5)
o [1AG) + By )] sinlps; (1 = )] dr

where p; are the eigenfrequencies of a clamped plate and Q;l) , Q;Z) are constants,

which can be found by satisfying the initial conditions. Let us substitute expression (2.18)
into eq. (2.14). We obtain the integro-differential equation in ¥(¢) .

15 W (1) — 03 B(1) k x W(1) + k1o (1) — nL{wn — B(1) k x T (1) + D.F(1)+
+mge (sin B(t) 1 — cos B(t) j) = Zj M; [Q;l) cos(p1;t) + Q;z) sin(pljt)} +
(2.6)

t

+ / (5 M7 pift [45(r) + By¥(n)|] sin [pu (¢ = 7)) dr

0

Let us note, that eq. (2.19) is like the integro-differential equation which was obtained
in [5], where the problem of the motion of a rigid body on an elastic inertial rod was
considered. Analysis of the equation can be found in [5].

3. The motion of a rigid body on an elastic plate. Case 2: arigid body
has no fixed points.

Let us consider a symmetrical rigid
body the center of mass of which is near
its axis of symmetry. The body has no
fixed points (see Figure 2). Conditions of
the conjunction of the rigid body and the
plate has the following form

(w] —wo)k=pxrie,  (3.1)

r=ri
where w, isthe displacement of the point
of intersection of the axis of symmetry of
the rigid body and the plane of internal

contour of the plate. Using the first and
the second laws of dynamics by Euler, we
obtain equations of the motion of the rigid

Fig. 2. A rigid body on an elastic plate. The
body has no fixed points.
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body

27
mEC = m.g + Epl ) Epl = 7”1/ Nr|7.:7,1 df
0

(0" - w) =M, + M, + Re x mg + M,

The boundary conditions on the internal contour of plate have the form

27
m(w +r¥,)| _ +mg= rl/ Nel,—,, do
0

[012 k x U+ 0300 + kiak x U+ nL(w. — 5)¥ —mgak x \I’H + (3.3)

2w
+mge (cos i+ sin 3 j) = rl/ [(M,, — 7N, )eg — My e,] |r:7«1 de
0

where the angle [ is calculated according to formula (2.10). Thus egs. (3.1), (3.2),
(2.10), (2.22) give the complete formulation of the problem.
Let us look for solution of the problem in the form

w(r,0,t) = —2 (@(t) — re, - ¥(t) +w(r,0,1)

Ty —7Tg
W, (r,0,t) = :1__7;22 e, - W(t) + T (r,0,1) (3.4)
Wo(r,0,) = 1" ey W(1) + V3 (7,0,1)

Here the functions w*, W}, W; are the serieses of the eigenfunctions of a clamped
plate (see eq. (2.13)). Substituting expressions (2.13), (2.23) into equations of the motion
of the plate (3.1) and the dynamics boundary condition (2.22), we obtain the following

system of the differential equations in C,;(t), ¥(t)
n>1: Coylt) + 97,00 = 0

n=1:  Cy(t) +p;Cy() = 4;%(6) + By (1)

15 W (1) — 038k x W(1) + k2 W (1) — nL(ws — B) k x (1) + DT (1) +
(3.5)
+mge (sin i —cos 3 j) = Zj M:Cy;(t)

n=0:  Co;(t) +p3;Co;(t) = A%(t) + BYw(t)
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Here the constants D, , M ]f* , A;, B; are calculated according to the formulae (2.14),
(2.15) and the constants G, N7, A}, B} have the form

G* = 27rr1GhF/(r2 — 7“1) , N; = 27T7°1N6'j(r1)

2rGhT i 2w ph 7
0= Uh (1) — woi(r)]dr, BY= / : - d
A= 2T 1w ) — woy(r e, BY = 2 [y = rapr e

It is easy to see, that egs. (3.5) in the functions \1!(15) and Cy;(t) do not differ from
the egs. (2.18), (2.19), which were obtained in the case, when the rigid body had a fixed
point. The functions @w(t), Cy;(t) are found as follows

Co;(t) = C'é;) cos(po;t) + C'é?) sin(po;t)+

t

+L (1A% () + B (7)) sinlpost — 7)) dr

mw(t) + Gw(t) + mg = Zj N [C’é;) cos(po;t) + C'é?) sin(pojt)} +

+ / (35 V7 vt [Aa(r) + BY(r)] sin o (¢ — 7)]) dr.

Let us note, that the integro-differential equation (3.6) in the function w(t) is like the
eq. (2.19) in the function ¥(¢), but the eq. (3.6) is more simple than eq. (2.19), as it
does not depend on the motion of the rigid body.
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