140 P. A. Zhilin. Advanced Problemsin Mechanics

Phase Transitions and General Theory
of Elasto-Plastic Bodies*

Abstract

The paper deals with anew theory of elastoplastic bodies based on a description of inelas-
tic properties by means of the phase transitions in the material. The medium is assumed to be
micropolar. The theory is applicable to the materialsin any phase states. Besides, the theory
takes into account the dry friction between the particles of the medium.

1 Introduction

A behavior of solid structures under an external 1oading has been studied during several centuries.
However intensive and task-oriented investigations had begunin XIX century and are carried out
till the present time. All known materials can be separated on two different classes: elastic
materials and all others. In general, the fundamentals of the nonlinear theory of elasticity may
be considered as completely developed [1]. For inelastic materialsthe situation is quite different.
There exists ahuge massive of experimental data. This dataiswidely used for practical purposes
and normative documents for the engineering projects, but as a rule this data is not used in
theoretical investigations. A lot of established experimenta facts cannot be described by the
existing theories of the elastoplastic bodiestill now. Let us point out some of them[2]: 1. Under
sufficiently high pressure all materials experience irreversible strains (Bridgman), which can be
considered as phase transitions. The rate of these transitions is determined by the properties of
the material and do not depend on the rate of change of the external loads. 2. At sufficiently high
pressure al rigid bodies flow similarly to afluid (Tresca, Bridgman). For example, the classical
experiment by H. Tresca on extrude of lead shows absence of the stagnant zonesin the material.
On contrary, from any existing theory of plasticity it followsthat the bands of the “dead” material
should be present [3]. Thus we see a serious qualitative discrepancy between the theory and
experiment. 3. The experiments on large inelastic deformation show essentia influence of the
sizeeffect [4]. 4. Inall experimentswith asmooth loading the Savart —Masson effect is exhibited
clearly. 5. Experiments with bulk materials show the necessity of taking into account the dry
friction between particles of the medium. All these facts are of great importance because they
are observed practically in al experiments. Nevertheless, the existing theories of plasticity are
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not able to explain these facts. Moreover, the most of the known theories of plasticity are based
on the yield criterions either by Saint-Venant — Tresca or by Mises. Both criterions were never
strictly confirmed by experiments. While the existing theories cover ailmost all practical needs
and extremely useful, nevertheless they are not able to explain some features of the material
behavior.

The aim of the presentation is the attempt of build-up of such theory of inelastic materials,
which would qualitatively feature the basic experimental facts. Besides, the theory should be
sufficiently strict from the mathematical point of view. A novelty of the offered theory consists
in the following. The experiments show that the inelastic materials cannot be modelled within
framework of the material (Lagrangian) description. However the most of the known theories of
the elastoplastic bodies are based on the material description. In what follows the spatial (Eule-
rian) description is used. The medium is assumed to be micropolar. Kinematics of the medium
with rotational degrees of freedom is described. The fundamental laws are stated for open sys-
temsin a general form. The equation of the energy balance contains the term, which describes
the formation of new particles or fragmentation of the initial particles. The concepts of internal
energy, temperature and entropy are introduced by means of the pure mechanical arguments. The
dry friction between the particles of the medium is introduced through the antisymmetric part of
the stress tensor. The free energy is set in the form, which is suitable simultaneously for gases,
fluids and solids. It is important to note that the material under the consideration has a finite
tensile strength. That means that the constitutive equations can violate to the conditions of the
strong ellipticity.

2 Fundamental Laws

2.1 Kinematic relations.

Let us consider a set of particles which are moving with respect to an inertial system. The set is
not assumed to be a continuum. That meansthat the concept of a smooth differentiable manyfold
cannot be used. Because of this a pure spatial (Eulerian) description will be used. Let a vector
V(x,t) be the velocity of a particle which at the actual instant of time t occupies the point x of
areference system. Let a quantity K(x, t) be some property of the particle. In order to find the
change of K(x, t) during amotion of a particle we have to apply the material derivative [5]

8K(x, 1) _ dK(x,t)
5t T dt

dx

+ (V(x,t) - E) S VK(X,t).

If the point x is moving with respect to theinertia reference system, then this definition does not
coincide with conventional one and does not contradict with the Galilei principle of relativity. It
is important to note that all used operators must be defined in the reference system rather than
on smooth manyfold as at the material description. Besides let us point out that in the definition
of amaterial derivative only the derivative V - V aong the trajectory of a particleis used. Thus
the continuity of K(x, t) with respect to the space variable x is not assumed. For a vector of the
particle acceleration we have

W(x,t) = %V(x,t) + (V(x,t) — %) - VV(x,t).
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Let usintroduce the displacement vector

du(x,t) du )
s = VXt = =V, @
where
g(x,t) = (E—Vu(x,t)), detg(x,t)>0. 2

The tensor g(x, t) will be termed the first measure of deformation. The Eq.(1) is a definition of
the displacement vector. From (1) it follows

dg(x, t)
5t

VV(x,t) = — -9 (x,1). ©)

Eqgs.(1)—(3) may be found in [6] and will be used in the reduced equation of the energy balance.
If atensor P(x, t) determinesthe rotation of a particle, then the angular vel ocity of the particleis
defined by the modified Poisson equation [5]

OP(x,t)
5t

= w(X,t) x P(x,t). (4

Let usintroduce the second measure of deformation F by means of equalities

0
oxs

P=FsxP, F=g°®F;, (5

where the vectors g are the basis vectors and the following conditions of integrability hold [5]

oFs  oFn,

oxm oxs

=F.,, xFs. (6)

From Eq.(6) it follows

V®w:%+wa—|—VV-F.

2.2 Particles and mass balance.

L et usintroduce two nonnegativefunctions: n(x, t) isthe particle density and p(x, t) isthe mass
density. If the material has a tendency to a fragmentation, then the total mass is conserved, but
the number of particles does not conserved. In such a case the following equations are valid

on _ op _

6t+nV V =¥, 6t+pV V =0, @)
where x(x, t) determines the production of new particles for the unit of time. From practical
point of view the importance of n(x, t) is determined by the necessity to take into account the
porosity of material. In such a case the function x(x, t) in Egs.(7) depends on pressure. Using
the identity [5]

V- V(x,t)=— , 13(g) = detg
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the above equations can be written in the form

SIn]_x 3 |_
ot ['3(9)}_%’ 5t[I3(g)] 0 (®)

Let us introduce a some characteristic of a particle called the particle volume v,,. The quantity
¢ = vp1, known as the compactness, determines the material volume v,,ndV occupied by the
material in the control volume dV. The quantity ¢, = 1 — v,,1 istermed a porosity. Note that
we apply the term “porosity” in unconventional sense because we do not consider the porous
medium. We mean that any solid material has a several stable states corresponding to different
magnitudes of the compactness. The transition of the material from one stable state to another
stable state is atypical phase transition which we would like to take into account. For all known
materials compactness satisfies an inequaity 0 < v,n < 0.74. Thus for porosity we have
0.26 < ¢, < 1. Thefirst equation from Eqgs.(7) may be rewritten in terms of porosity

o¢c

6—:+VDX(Cpa P) =V.V, (9)
wherep is apressure and the function v, x(c,,, p) must be defined by the constitutive equation,
for which there exist a many different possibilities, but the final results are not known. Because
of thiswe are not able to give a short resume of these possibilities. As an example the following
equation may be considered

dc, e’p
=P LV.Ve,=V-V—— —F
a * “ €2+ (pc — p)?

)

where e? < 1 isasmall parameter and p. is some critical pressure. This equation shows the
behavior of the porosity near one point of the phase transitions. The realistic equations should
have a more complicated form.

2.3 Dynamics Laws.

Let us introduce the stress tensor T(x, t) and the moment stress tensor M(x, t). These tensors
are defined in the space, but not in the material. For them the Cauchy formulae are valid

T(n):n'T, M(n]:n'M.
Thefirst and the second laws by Euler have the well known form

dV(x,t)

V-T+pF=p St

(10)

5(J- w)

ot
where the mass density of theinertiatensor J of aparticlein the actual position is connected with
the constant tensor J, in the reference position by

VM+T,+pL=p

(11)

J(X, 1) =P(x,t) - Jo - PT(x, 1). (12)
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2.4 Equation of the energy balance.

The equation of the energy balance in the local form can be written down as

p%:TT--(VV—i—Exw)+MT--Vw+V-h—|—pq. (13)

where U isthe mass density of internal energy and the vector h isthe vector of the heat flux. The
right hand side of Eq.(13) contain the power of the stress tensor and of the moment stress tensor.
One part of the power changes the specific internal energy. Another part partly remains in the
body as a heat and partly radiates into the external medium. In order to separate these parts the
stress tensor and the moment stress tensor must be represented as

T:T2+Ti) M :M€+Mi) (14)

where the quantities with the subscript “e” are independent of velocities and the quantities with
the subscript “1” are the rest part of stresses. One may substitute Eq.(14) into Eq.(13) in order
to get the final form of the energy balance equation. However in such aform the energy balance
equation is amost useless. We have to transform this equation in order to obtain the reduced
equation of the energy balance.

Theforth fundamental law of mechanicsisthe secondlaw of thermodynamics. The statement
of thislaw will be given in the following section.

3 The heat conductivity equation

L et usintroduce the concepts of the temperature, entropy and chemical potential by means of the
following eguation

p%i—j:%—pnfs—f:V-h—l—pq+TiT--(VV+E><w)+MiT--Vw, (15)
where the functions d(x, t), H(x,t) and C(x,t) are respectively termed the temperature, the
specific entropy and the specific chemical potential. Let usunderlinethat Eq.(15) isthe definition
for these functions. The only purpose of introduction of the specific entropy and the specific
chemical potential (thesefunctionsby itself have no physical sense) isto define by an appropriate
way the temperature & and the particle density n or, what is the same, porosity of the material.
Of course, we need some additional assumptions for a complete definition of those quantities.
Now let us accept the second law of thermodynamicsin the form of the following inequalities

T . (VWH+Exw)+M-.Vw >0 h-Vd>0. (16)

Inequalities (16) are more strong than the consequences of the known inequality by Clausius —
Duhem [7]. However from our point of view Eq.(16) are quite good for practical aims. The
constitutive equation for the vector of the heat flux may be taken in the simplest form

h=—kV9, k=0. (17)

The substituting of Eq.(17) into Eq.(15) leads to the heat conduction equation.
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4 Reduced equation of the energy balance, the Cauchy -
Green relations

Let us introduce the specific free energy
F=U—9H —nC. (18)
Making use Eqgs.(14), (15) and (18) the equation (13) can be rewritten in the following form

O0F oY T 5F
5_t+ g‘f + eét Mg - 5t

(g TT4g T FemD) 2y

ot
1 TSP
Z[(Ml-F—Te)X XP} 30 (19

The equation of the energy balance written in the form like Eq.(19) is termed the reduced equa-
tion of the energy balance. This equation involves only the intrinsic variables. From Eq.(19) we
see that the free energy is a function of the following arguments

F=91®,m,9FP). (20)
Taking into account this statement it is readily to derive the Cauchy—Green relations
oF oF oF oF ¢ oF

Y =Tz Me =p— Te=—p——=-F —p— T 21
H 3 © o’ °3E P 3E P3g 9 (21)
Now Eq.(20) takes the form
OF\" P 1/, T P
p(ﬁ) "E—E((M 'F*T)X XP) "E. (22)

Here we have to take into account that the material derivative of the tensor P cannot be changed
by an arbitrarily manner. Indeed, from the Poisson equation Eq.(4) it follows

PXY prx ) —wix ) xE = (AP PEY 5 ya A AT
5t ot
Hence we get the relation
oF 1, o
a_P_Z(M ‘F—T.) xP=A-P.

In order to exclude the arbitrary symmetric tensor A, we have to multiply both sides of this
equation by thetensor P T and to cal culate the vector invariants of both sides. As aresult we have

65’"

PT+MI.F-T.|--C=0, VC: C=-CT. (23)
PP ¢

Thestresstensor T, and the moment stresstensor M. are defined by the Cauchy—Greenrelations
Eqgs.(21). That means that the condition Eq.(23) is the restriction superposed on the free energy.
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Below we use the technics given in [8]. From Eq.(23) we see that the free energy must satisfy
the following equation of first order partial differential equation

oF\ " oF\ " oF\ "
(@) ~-(C-g)+(¥> --(C-P)+(¥) -+(C-F—F.C)=0. (24
The characteristic system for Eq.(24) hasaform

dg dpP dF
_:C. —:C-P —:C‘F_F‘C- 25
ds 9 ds " ds @)

The free energy to satisfy EQ.(24) must be a function of the integrals of Eq.(25). The latter
consists the system of the order 21 and has not more than 18 functionally independent integrals
of Eq.(25).

5 Nonpolar medium with the Coulomb friction

Let us assume that the free energy is independent of the second deformation measure F

F=3,m,9), Me=0. (26)
We may rewrite Eq.(19) as
5F &9 L PR T S (v
Pop TP HeCs = (0 Te) gy

The stress tensor can be decomposed as

T.=-pE+T, t=1", trt=0.

The representations for T; and M; will be given below. Making use the technics given in the
previous section one can prove that in case under consideration the free energy has aform

F=F®,n,0v 06),

where
y=13(g), G=1;"7g"-g, detG=1.

Following [6] the unimodular tensor G will be termed the strain of shape change. The constitutive
equationsfor the pressure p and for the deviator T take aform

0F 0F 0F 1 0F
— 2% 9 - 1734, %2 g7_ .. 22
p=p ap+pl3(g)a|3(g)’ T 2p [v 9-55 ¢ 3G 3G

Let usintroduce the new parameters

1 P oz
= ) = T~ _:O
e C Ve

E|.
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In such a case we have the final form of constitutive equations

oF oF 025 v 45 02T ¢ 1. 027

H:_a_s’ G:—a, p:—a—c, > =Y 3G g —§G--¥E, (27)
where the free energy is afunction of five arguments
F=9F0,n,( z G). (29)
Now let us assume the following representations for the viscous stresses
Ti=txE, M;=mxE. (29

With these assumptions the first inequality from Eq.(16) takes the form
—t- 2w -V xV)—m-.(V xw) >0.

For the moment vector m we take the viscous friction law and for the stress vector t we assume
that the Coulomb dry friction law isvalid

Qw -V xV)

t:—kh(n'Te'n)ln'Te'rﬂm,

wherethe functionh(n - T, - n) is determined by

1, n-Te-n<O,
h(n.Te.n):{ 0 n-TZ-n>O

k > 0 is the coefficient of the dry friction. The unit vector n in Eq.(30) must be found as a
solution of the problem

N-Te-m=max, vYnm:|nj=/m=1, n-m=0.

It is easy to prove that the solution of this problem is unique. The Coulomb law in Eq.(30) is
applicableif adliding is present. Otherwise we have a condition

2w =V xV, (3D
and the vector t has to be found from Eq.(11)
—umVx[V><(V><V)]—4t:p%[J-(VxV)]. 32

Using Eq.(32) the vector t can be eliminated from the first law of dynamics.

6 Isotropic materials

Let us suppose that we deal with isotropic materials. In such a case the free energy depends on
the invariants of the tensor G

?:?(19,11, C) Z)'])'Z)a I](G)EE”Gv IZ(G)EG“G (33)
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Making use of Eq.(33) we can rewrite Egs.(20) as

oF oF 0zF
H=—"2), C=—s p=——n
39’ m P
2 0zF 0zF 0zF 0zF 5
=S (=4 L= )E-2([=—A+=-"A 34
e 3(‘a|1+2a|2) (ah T ) (34)
where the tensor A is defined by
A=13*"(g)g-g".
Theinvariants of the tensor A are given by
11(G) =11 (A) A1+A2+A]Az,3, 12(G) = I2(A) /\1+/\z+/\%/\%73,

where A1, A, aretwo independent eigenvalues of A.

7 Constitutive equation for the pressure
L et us assume that the free energy may be represented as a composition
Zg’ = f({)) n) C) Z’) + Zg’d(ﬁ) n) Z’) I]) IZ)‘

In such a case the pressure is determined by

of
Let the pressure p be alinear function of the temperature
p="i(¢m, z) +f2(¢, M, 2) 0. (36)

The most popular in physics of solids the constitutive equations by van-der-Waals and by Mu—
Grineisen have namely this form. For example, the van-der-Waal s equation can be written as

a cd

CT"’H) (37)

p(C, 9) =—
where a, b and ¢ arethe characteristics of the material. However, in our case these quantities may
depend on the parametersn, z. It is known that the van-der-Waal s equation satisfactory predicts
the behavior of the real gases. It seems obviousthat Eq.(36) can be by corresponding choice of
the functions f1 f, used not only for liquids and gases but for solids with the phase transitions.
The pressure at & = 0 is described by means of the function f (¢, n, z), the possible form of
which is shown in Figure 1. The material shown in Figure 1 has three stable equilibrium states.
The transition from one state to another is a typical phasetransition. It is easy to understand that
the diagram, like shown in Figure 1, cannot be found by experiment. However, the envelops of
thetrue diagram can be established in an experiment. The upper envel ope describesthe properties
of amaterial under compression, and the lower envel ope describes the properties of the material
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Figure 1: Constitutive equation for the pressure at zero temperature.

under extension. At the qualitative consideration the function f ;((, n, z) may be chosen as in

the van-der-Waals equation. The simplest example of the constitutive equation for the material
with finite tensile strength is given by the expression

0
p=fo(L ™ =)+ 7, (38)

wherem > n, { > b(n). The pressure dependence on ( at different temperaturesis shown in
Figure 2. Using Eq.(36) and Eq.(38) we find the expression for the free energy

P

-

-0.0

-0.1

-0.1 \
-0.2

-0.2

0.8 1.0 12 14 1.6 1.8 4

Figure 2: The pressure dependence on ¢* for different temperatures.

Cfer] C7n+1

po F(C,9,E) = o (m_1 — ) —c9In(C—Db) +P(9),
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where () is some function of temperature. More general form of the constitutive equation for
the pressureis given by

N c?d
_ —k
p_ZakC +C*b’ (39)
k=0
where parameters (ax, N, ¢, b) are characteristics of material. All of them may depend on the
structural parameter 1. Besides, maybeit will be useful to take more general form of the function
. Ingeneral, Eq.(39) correspondsto the material with N solid phase states. If we desire to take
into account the phase transition “ solid-iquid” and “liquid—gas’, then we have to construct the
curve like shown in Figure 3. If it is desirable to take into account a several solid phase states,
then we have to add to the constitutive equation the terms like the first termin the right hand side
of Eq.(39).

2.

Figure 3: Thethree-phases medium: zonesl|, 111, V correspond to stable gaseous, liquid and solid
phases respectively; zones 1, IV correspond the unstable states

8 Constitutive equation for the stress tensor deviator

From conventional point of view the state equation of solid is the relation between pressure,
temperature and the mass density or volume. However the constitutive equation for the deviator
7 of the stress tensor cannot be ignored. Let us underline that the most of the phasetransitionsin
solid are connected with the fact that the maximal shear stressin material has arather low upper
limit. When defining the function zF 4 we have first of all to take into account this fact. Let the
values0 < A1 < Az < A3 (A1A2A3 = 1) be eigenvalues of the tensor G. Let us introduce the
quantity

0 =312(G) = 17(G) = (A1 = A2)* + (A1 — A3)? 4+ (A2 — A3)% (40)
If o = 0, then G = E. Now let us assume that the deviatoric part of free energy zF 4 depends

on the parameters o and |; rather than invariants 11, 1. In such a case from Egs.(34) one may
obtain the equation

0zF 1 0zF

(0—1)

3 E+211A —3A%|. (41)
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If we consider the case of small deformationswhen [|(Vu|| <« 1, then instead of Eq.(41) we get

_0zF

(Tt =2udeve + O(e?), p= T
1

(42)
where ¢ is the tensor of linear deformations, the parameter 1 may be termed the shear modulus.
From Eq.(42) we see that in linear theory the dependence of free energy on a parameter o is not
important. By this reason and for the sake of simplicity we assume that the free energy does not
depend on the parameter o and Eq.(41) takesaform

(t=2u (%hEA), uEaZT‘T (43)
The shear modulus p is a function like p = u(d, n, z, I1). In order to define the function
u(¥d, n, z, I1) we have many possibilities. But at the moment it is difficult to understand by
unique manner what possibility is used by the Nature. The shear modulus depends on four
different parameters 9, 1, z, 1. For al of them we have governing equations. We thing that the
dependence . from the temperature is not crucial one. The same may be said with respect to the
variable z. However, the parametersm and | 1 have a crucia influence on the shear modulus. The
problem isthat from physical point of view bothn and | ; influences on the shear modulusin the
almost similar way. As far as we know in mechanics of solids the parameter n has never been
used and the behavior of the shear modulusis determined by deformations. In such a caseit is
possible to use, for example, the following representation

H=po(9, z) [1 — cos (wﬂ (44)

where 1, is a some characteristic of the material. The representation Eq.(44) correspondsto the
free energy which looks just like the potential by Frenkel — Kontorova[4] in dynamics of crystal
lattice. We do not think that this representation is sufficiently good for practical needs. At the
moment we would like to point out the qualitative behavior of the shear modulus. We have to
remember that under high pressure the shear modulus must vanish. The dependence of shear
moduluson |1 is not monotonein order to describe the Savart — Masson effect.

Maybe, more realistic constitutive equation for shear modulusis given by representation like

H= HO({)’Z) I] )(1 - CP)Z(CP - 026)2v (45)

where c,, is the porosity which must satisfy Eq.(9). Small values of (1 — c,,) occur for the
gases. For solids ¢, is close to 0.26. The quantitative dependence of p from c,, may be, of
course, different from EQ.(45). It is quite possible that we will need some combination of the
representationslike Eq.(44) and Eq.(45). The future investigations have to clear the situation.

Conclusion

Above a general (maybe, superfluous general) theory of materials in any phase states is devel-
oped. The present state of the theory does not suit for those people who desire to obtain the
practical resultsimmediately. But what do we know? We know that during more than 150 years
the applied theories of inelastic materials were developed in great extent. And in spite of this
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there exist alot of very old experimental results which cannot be described by the existing the-
ories. Why? Maybe, it is time to go far from practical results and to develop the theory which
is right from fundamental point of view. We think that any applied theory must be consistent
with the theory of such akind. At the moment we have made only initial steps. However even
from these initial steps we see that some conventional statements are not valid. For example,
everybody knowsthat 13 (g) isresponsible for a volume change of amaterial. But we saw that it
is not so and we have to introduce the special object to characterize the material volume. From
physical point of view it is clear that the important role in the description of inelastic properties
of the material must play the chemical potential which is responsible for the structural transfor-
mation in the material. Asfar we know the chemical potential was used in continuum mechanics
only in the case of the multi-component media

We hopethat the given abovetheory attracts the attention both physicists and mathematicians.
The theory is needed in additional mindsto create the true useful applied theory.
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